Abstract The Raychaudhuri equation enables to examine the whole spacetime structure without specific solutions of Einstein's equations, playing a central role for the understanding of the gravitational interaction in Cosmology. In General Relativity, without considering a cosmological constant, a nonpositive contribution in the Raychaudhuri equation is usually interpreted as the manifestation of the attractive character of gravity. In this case, particular energy conditions -indeed the strong energy condition -must be assumed in order to guarantee the attractive character. In the context of f (R) gravity, however, even assuming the standard energy conditions one may have a positive contribution to the Raychaudhuri equation. Besides providing a simple way to explain the observed cosmic acceleration, this fact opens the possibility of a repulsive character of this kind of gravity. In order to discuss physical bounds on f (R) models, we address the attractive/non-attractive character of f (R) gravity considering the Raychaudhuri equation and assuming the strong energy condition along with recent estimates of the cosmographic parameters.
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Introduction
The observational evidence of the accelerated expansion of the Universe [1] have been the main reason for a revision of the cosmological evolution as predicted by General Relativity (GR) and the standard model of elementary particles. In principle, this problem can be circumvented either by introducing a term representing a new kind of universal fluid, the so-called dark energy, in the Einstein equations or by considering modifications and extensions of the Einstein theory of gravity. A particular extension of GR, known as f (R) gravity, has received a lot of attention in the last years, mainly from the cosmological viewpoint. The paradigm consists in relaxing the hypothesis that the action of gravitational interaction is strictly linear in the Ricci scalar R, as in the case of the Hilbert-Einstein action, and assuming a general function of R that can be fixed by observations and experiments.
The cosmological interest in f (R) gravity comes from the fact that these theories naturally exhibit a late accelerating expansion of the Universe withoutphysical connection between conformal frames, or, in other words, the problem whether the physical information 1 contained in the theory is preserved under conformal transformations, is still a contentious issue [15] .
In this paper, following the investigation of Ref. [5] and the developments presented in Ref. [12] , we consider the strong energy condition (SEC) in the framework of f (R) gravity and use recent estimated values of deceleration, jerk and snap cosmographic parameters of Friedmann-Robertson-Walker (FRW) flat geometry to impose bounds on the parameters of a paradigmatic class of f (R) gravity models. We also address the attractive/non-attractive character of f (R) gravity by deriving explicit bounds on some physical quantities in a flat FRW geometry.
The paper is organized as follows. Sec. II discuss the Raychaudhuri equation where, in particular, we point out the role of the curvature in order to obtain focusing or defocusing bundles of geodesics. f (R) gravity and strong energy condition are presented in Sec. III. Specifically, we explicit the relation between the mean Gaussian curvature of geodesic surfaces, the Raychaudhuri equation and the field equations of f (R) gravity. This relation allows to set conditions for acceleration/deceleration for the given models. Sec. IV consists of a cosmographic analysis in FRW geometry. The observed values of cosmographic parameters allows to fix f (R) models in view of accelerated/decelerated expansion. Discussion and conclusions are presented in Sec. V. We use a metric signature (−, +, +, +) and our definition of the Riemann tensor is R 
The Raychaudhuri Equation
When examining the whole spacetime structure without specific solutions of Einstein's equations, the Raychaudhuri equation [16] plays a central role in the understanding of the gravitational attraction. Such an evolution equation describes the geodesic motion of nearby particles without making assumptions about homogeneity and isotropy of the spacetime. In GR, without a cosmological constant, particular energy conditions -indeed the strong energy condition -has to be assumed in order to guarantee the attractive character of the theory [17] . Positive contributions coming from the spacetime geometry to the Raychaudhuri equation are usually interpreted as violation of the SEC or the null energy conditions requirements [18] . In the context of f (R) gravity, however, we may have a positive contribution to Raychaudhuri equation even assuming these standard energy conditions, which gives the possibility of a repulsive character of this kind of gravity (we will discuss this point later). The Raychaudhuri equation for a congruence of timelike geodesics and its tangent vector field ξ µ = dx µ /dτ is written as
where θ, σ µν , w µν are respectively the expansion, shear and twist of the congruence of geodesics, and τ is the proper time of an observer moving along a geodesic. It is worth stressing that (1) gives the expansion rate of the congruences as seen by comoving observers and, due to its spatial character, the quantities σ µν σ µν and w µν w µν are non-negative scalars over a given spatial section. For the contribution of the term R µν ξ µ ξ ν , there appear three possibilities: negative, positive or zero contribution, depending both on the point of the manifold and on the direction of the vector ξ µ at that point. However, it can be shown that the expression R µν ξ µ ξ ν is related to the Gaussian curvature K (0A) of the geodesic surface generated by ξ µ (0) and ξ µ (A) [19] . The sum of all the Gaussian curvatures of the geodesic surfaces is
, which is called "the mean curvature of the space" in the direction ξ µ (0) by Eisenhart in Ref. [19] . Here, we denote it simply as M ξ µ ≡ −R µν ξ µ ξ ν (see also Ref. [20] for more details).
Although the Eq. (1) has only geometrical meaning, once one chooses a particular theory of gravitation, its contribution, via the field equations of motion to the kinematic of the congruences, is carried out through the terms −R µν ξ µ ξ ν . A negative contribution to Raychaudhury equation (focusing, dθ/dτ < 0) is usually interpreted as manifestation of the attractive character of the theory of gravity. The contribution of M ξ µ has then a clear geometrical interpretation [12, 20] which is resumed as:
In what follows we consider congruence of geodesics for which w µν = 0 2 and rewrite equation (1) as
From this formula it is clear the role of M ξ µ , in Raychaudhuri equation, for the focusing or defocusing the congruence of geodesics. A positive contribution from M is a necessary condition to get accelerated expansion and, also if it is not a sufficient condition, it may lead to non-attractive gravity. In fact, as commented in Ref. [21] , the Raychaudhuri equation can either use the congruences to provide information on the Ricci tensor, and hence on the stress-energy tensor, via the equations of motion, or can use the stress-energy tensor to provide information about the congruences. As the Ricci tensor is in general unknown from the beginning 3 , we take a step forward by using the gravitational field equations and imposing the SEC on the stress-energy tensor in order to provide information about the congruences. We intend to test the limit of attractiveness/non-attractiveness of f (R) gravity adopting the SEC as a physical paradigm.
f (R) gravity and the strong energy condition
The action that defines an f (R) gravity is given by
where κ 2 = 8πG, g is the determinant of the metric tensor and S m is the standard action for the matter fields. Varying the action (3) with respect to the metric, we obtain the field equations
where f ′ = df /dR, and the stress-energy tensor is defined as
Contracting the equation (4) with ξ µ ξ ν , where ξ µ is a normalized timelike vector (ξ µ ξ µ = −1), and taking into account its trace, we obtain, according to our definition for M ξ µ , the expression
, (6) where T is the trace of the stress-energy tensor. The SEC and the null energy condition (NEC) state that [7] SEC:
where κ µ is a null vector. For a perfect fluid, characterized by a density ρ and a pressure p, the SEC states that we must have, besides ρ + p ≥ 0, the sum ρ + 3p ≥ 0, while the NEC implies that ρ + p ≥ 0 [17] . In GR the observed accelerated expansion of the Universe implies violation of the SEC. Since the requirement of NEC is also contained in the SEC, in what follows we consider in our study only the SEC restrictions. Imposing the SEC to the standard cosmological fluids in the expression (6) we obtain
which we interpret as an upper bound to the contribution of spacetime geometry (gravity) to the Raychaudhuri equation related to timelike geodesics. Observe that, for f (R) = −2Λ, which gives the Einstein equations of GR with a cosmological constant Λ (see Eq. (4)), we get from (7) that M ξ µ ≤ Λ. Hence we have that, for timelike geodesics, a positive contribution to the Raychaudhuri equation from spacetime geometry (M ξ µ ≥ 0) is possible provided Λ > 0. It corresponds to the correct sign of Λ which provides cosmic acceleration in the standard ΛCDM model. Thus, if one considers GR as a f (R) = −2Λ theory of gravity, accelerated cosmic expansion is possible without violating the SEC. For a more general f (R) gravity, even assuming the validity of the SEC, the sign of M ξ µ still remains undetermined, and one has the possibility of a non-attractive gravity in these theories. We shall explore this possibility in the next section and look for cosmographic constraints in the geometrical background of a flat FRW metric.
Cosmographic Constraints
Equation (7) is an upper bound to the contribution of spacetime geometry obtained by imposing the SEC inequality. Here we use this inequality, together with known values of the so called cosmographic parameters, in order to examine the attractive/non-attractive character of a given f (R) model in the context of FRW flat geometry. In [20] , the authors considered a general congruence of timelike geodesics and examined the conditions to have M ξ > 0.
Here we consider the fundamental congruence of geodesics in FRW as the one where the observer is comoving, that is, ξ µ F RW = ∂ t . In this case the equation (7) can be written as
We want to investigate such a bound in terms of the cosmographic parameters, i.e. the Hubble H, deceleration q, jerk j, and snap s parameters, defined respectively as
Firstly we have to express the Ricci scalar and its derivatives in terms of these parameters:
After some calculations, and using the relations (10), we can write M ξ µ F RW in terms of the cosmographic parameters for a general form of f (R):
where the coefficients c i are given in terms of the cosmographic parameters as
Inequality (11) is valid at any time, to the extent that the SEC is also valid at any time.
In the case of a FRW geometry, we have σ µν = 0 so that the Raychaudhuri equation reduces to
Note that GR implies f (R) = 0 and, from Eq. (6), we obtain M ξ µ = −4πG(ρ+ 3p) for a perfect fluid considered as the matter source. Thus, in GR with a FRW geometry (3ä/a = −4πG[ρ + 3p]), the Raychaudhuri equation gives dθ/dτ = −3H 2 (1 + q), showing that geodesic defocusing only appears if q < −1. However, for theories of gravity more general than GR, we can have, from (13) , that M ξ µ F RW ≥ θ 2 /3, turning dθ/dτ positive even for q > −1. This contributes to a non-attractive character of gravity in these theories, and also affect the proof of the celebrated singularity theorems due to Penrose, Hawking and Geroch 4 . While the action (3) may not represent the final theory of modified gravity, it could contain the information necessary to act as an effective field theory capable of describing correctly the phenomenology of gravitation. In this case, a particular f (R) model, seen as an effective field theory, may have a limited region of applicability. This means to lose general prescription and to obtain results valid only to the considered f (R) function. Alternatively, one could restrict to analytic f (R) functions so that it can be expanded about a certain R = R 0 as a power series
Several models of cosmological interest can be expressed as (14) . However, as a case to study, in order to explicit our calculations and understand the contribution of spacetime geometry according to the free parameters of a given f (R) theory of gravitation, in what follows we will use the inequality (11) to examine the behavior of the paradigmatic class of f (R) models given by
This class of f (R) gravity encompass a wide variety of proposals in the scientific literature. For instance, Starobinsky considered in [22] the case with n = −2 as a viable scenario of primordial inflation. More recently, the same case was considered in [23] as a possibility of explaining dark matter. The case n = 1, specially for α < 0, was presented in [24, 25] as a possible mechanism to provide cosmological acceleration; although it is currently ruled out due to the so called Dolgov-Kawasaki instability [26] . In [27] , it was proved that these theories also suffer from the Dolgov-Kawasaki instability for negative values of α and n > 0 not restricted to be an integer. In principle, negative and positive powers can contribute to cosmic dynamics as discussed in [28] .
In what follows, we consider the cases α negative 5 and n a real number. We examine the behaviour of this class of models in what concerns the magnitude of α and n and the cosmographic parameters.
Taking into account the first of the relations (10), we can derive α in (15) 
n where f 0 = f (R 0 ) and R 0 , H 0 are, respectively, the Ricci scalar curvature and the Hubble parameter for the present time. Note that for n = 0 we obtain α = f 0 , thus if we take f 0 = −2Λ (Λ a positive constant), the quantity M ξ µ for Einstein's gravity with cosmological constant Λ is recovered (see (7) for f = −2Λ). We can take a step forward and define the parameter
n . Using this relation for α and calculating the derivatives of (15), we rewrite (11) in terms of the cosmographic parameters as a dimensionless inequality
where Q(n) is a third degree polynomial in n
with the coefficients given in terms of the cosmographic parameters as
Note that for n = 0, the relation (16) gives M ξ µ F RW ≤ Λ, as expected for Einstein's gravity with a cosmological constant, while for n = −1 (Einstein's gravity with a modified coupling constant) one obtain (under the assumption that
It is worth noticing that inequality (16) was derived assuming that the SEC holds over all the cosmological eras and that the theory of gravity can be described by action (3) with f (R) given by (15) . As such, it can be used to impose bounds on the free parameters of the class (15) of f (R) models based only on the SEC and present day (t = t 0 ) estimated values of cosmographic parameters. In this case the inequality (16) 
where the coefficients of Q(n) are given by (18)- (19) taken at t = t 0 . Inequality (20) provides an upper limit on the contribution
by the SEC on f (R) = α/R n theories of gravity for parameters {n, α} based on the present day estimated values of the cosmographic parameters. Positive values for M ξ µ , eventually surpassing the negative values in Eq. (13) leading to dθ/dτ > 0 (geodesic defocusing), may be interpreted as a repulsive force [12] . Therefore, depending on the values of the parameters in (15), we may have
Taking into account that θ = 3H in the flat FRW geometry, we have a lower limit which, in terms of the present-day Hubble parameter, reads
In other words, these f (R) models, for which the parameters are such that the value of M ξ µ in units of H 2 0 are greater than 3, give geodesic defocusing and can be interpreted as a repulsive gravity.
In order to have a better understanding of this model, let us examine the behavior of the inequality (20) taking into account the constraints coming from the cosmographic parameters determined in Ref. [29] . We use their mean values estimated from data combinations of SNeIa + GRB + BAO + CMB (see Table I in [29] ), which are S 0 = {q 0 = −0.49 ± 0.29, j 0 = −0.50 ± 4.74, s 0 = −9.31 ± 42.96}. In Fig.1 , we show a plot of (20) where we have assumed Ω Λ = 0.69 from [30] .
Observing this plot, we find that the attractive/repulsive character of this class of f (R) gravity depends smoothly on the free parameter n for the given set S 0 . However, for n = −(1 − q 0 )/Ω Λ ≈ −2.16 (vertical line in Fig.1) we have a strong singularity, where gravity abruptly changes from extremely attractive to extremely repulsive. Even taking into account that this critical n depends on the values of q 0 and Ω Λ , this is interestingly very close to the f (R) ∝ R 2 Starobinsky inflation [22] . However, the present study makes use of the estimated values of the set S 0 , which are valid only for redshifts z < 1. We have also examined the dependence of M ξ µ F RW /H 2 0 with respect to Ω Λ and found that it is not sensitive to small changes of this parameter. On the overall we find that for the upper values of the set S 0 we have dθ/dτ > 0, even obeying the SEC, when 0.04 < n < 6.18. This change in the behavior of the expansion θ is indicative that this interval for n should be discarded for this class of f (R).
Plots of (20) , in the neighborhood of n ≥ 0, are shown in Fig. 2 for the lower, mean and upper values of the cosmographic parameters in the set S 0 . Examining these curves we find that contribution to M ξ µ positive (0 < M ξ µ /H 2 0 < 3) happens for: (i) 0 < n < 0.06, if the cosmographic parameters are given by the lower values of S 0 (dashed line), (ii) 0 < n < 0.29, if we take the mean values of S 0 (doted line) and (iii), if the upper values of S 0 are used, 0 < n < 0.04 (solid line) or 6.18 < n < 6.26 (this second limits for n are not shown in Fig. 2 ). Taking into account that n = 0 (ΛCDM model) gives M ξ µ /H 2 0 = 3Ω Λ = 2.07, we find that upper values of S 0 provide faster expansion for any 0 < n < 6.20 while the lower and mean values of S 0 tend to slow down the expansion in comparison with ΛCDM model. In Ref. [25] the authors present an f (R) gravity, which we name CDTT model, given by f (R) = −µ 4 /R. In order to compare the CDTT model with our study, note that we have taken f 0 /H 2 0 = −6Ω Λ , so the parameters Ω Λ and µ are related by
The authors in [25] claim that choosing µ ≈ H 0 their model could, in principle, explain the present ac- contribution means that the Universe is not accelerating. In other words, if we demand ab initio that the SEC is valid, the CDTT model [25] cannot give rise to an accelerated expansion at the present era. On the other hand, the instability in the Ricci curvature scalar, pointed out by Dolgov and Kawasaki [26] , and further generalized by Faraoni [27] for this kind of gravity, does not appear in M since, as we have seen above, M ξ (n = 1)/H f (R) = −µ 2(n+1) /R n , our parameter Ω Λ relates to the µ parameter through
n . Finally some comments about constraining the sign of M ξ µ F RW as given by equations (16)- (19) are necessary. Although we have not the values for the cosmographic parameters over time, if we make the reasonable assumption that q(t) < 1, we see that the coefficient A(t), given by (18) , is always negative. The three roots of Q(n) are {−1, n ± } with
where we have taken into account the sign of A(t). Let us note that the product of this roots gives n + × n − = −1/|2A(t)|, so, one root is positive and the other is negative. From (21) we also see that the signals of the roots n ± are controlled by the sign of the coefficient B(t): if B(t) > 0 we have n + > 0 and n − < 0, the opposite occurs if B(t) < 0 6 . In summary, we always have only one positive root whatsoever is the sign of B(t). In addition, if we restrict ourselves to n ≥ 0 in (15) , the sign of M ξ µ F RW in (16) will be controlled by the second degree polynomial A(t)n 2 + B(t)n + 1/2 whose graph is a parabola with the concavity facing down. This means that M ξ µ F RW will be negative for n greater than the positive root, thus making accelerated expansion impossible, and M ξ µ F RW > 0 for intermediary values n ≥ 0 yet below the positive root of Q(n). This is what is explicitly shown in Fig. 2 for the lower and mean values of the cosmographic parameters determined in Ref. [29] .
Final Remarks
Energy conditions play a fundamental role in setting physical constraints for relativistic theories. In general, the compatibility of source fluids with causality and geodesic structure is determined by the consistency of energy conditions. Considering modified gravity means, in some sense, introducing further geometrical components (e.g. f (R) gravity) and scalar fields (e.g. Brans-Dicke gravity) that can alter the meaning of energy conditions. However, these further degrees of freedom can be recast as additional effective fluids and then inserted in the energy conditions. In such a case, accurate considerations have to be developed in order to establish the physical role of fields in the Jordan frame and in the Einstein frame (see [13, 14] for a detailed discussion).
In this paper, we demonstrated that energy conditions, in particular the SEC, play an important role in selecting repulsive/attractive gravity in the framework of f (R) gravity. For a given class of f (R) models, we have shown that SEC and Raychaudhuri equation can be combined with cosmographic parameters and then confronted with observations. From a methodological point of view, results indicate that such an Energy Condition Cosmographic Approach can be extremely useful in order to fix viable models. Here we have taken into account only f (R) power-law models. We have shown that observations, combined with SEC, fix the range of viable powers for selecting attractive/repulsive models or, according to dark energy paradigm, accelerated/decelerated models. The method seems promising in view of further applications to more realistic physical models. This goal will be the topic of forthcoming studies.
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